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Abstract. In this paper we consider the local well-posedness theory for the 
quadratic nonlinear Schrodinger equation with low regularity initial data in the 
case when the nonlinearity contains derivatives. We work in 2 + 1 dimensions 
and prove a local well-posedness result close to scaling for small initial data. 



1. Introduction 



This work is concerned with the initial value problem for the nonlinear Schrodinger 
equations which generically have the form: 



where !i:R"xM^C and P : C 2n+2 -> C is a polynomial. 

We are interested in the theory of local well-posedness for this problem in Sobolev 
spaces. In Part 1, see [Be], we considered the same problem and it would be useful 
to read the Introduction there. We summarize it in what follows. 

We motivated the fact that the problem becomes more difficult once we consider 
quadratic and higher order nonlincarities. In this case the most general result 
known is due to Kenig, Ponce and Vega, see [KePoVe2]: 

Theorem 1. Assume that P has no constant or linear terms. Then there exist 



s = s(n, P) > andm = m(n, P) > such that Vu G H s (R n ) n L 2 (R n : \x\ 2m dx) 
the problem (1) has a unique solution in C([0, T] : H s n L 2 (K™ : |a;| 2m da:) where 



If P does not contain quadratic terms, then above authors also obtain a similar 
result without involving any decay, see [KePoVe2] . 

We outlined the fact that the case when the nonlinearity contains derivatives is 
more delicate. One of the reasons is the loss of derivative on the right hand side of 
the equation. The other one is the need of some decay on the initial data. This is 
motivated by an early result due to Mizohata, see [Mi], which proves that for the 
problem: 



(1) 



{ 



im -Au = P(u, u, Vu, V«), teR,ief 
u(x, 0) = uq(x) 



n 



T = T(||n||fl-»ni 2 (H»:|a;| 2 ">dx)) • 




the following condition on b\ is necessary for the L 2 well-posedness theory: 
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(3) sup \Re / b\(x + rw) • udr\ < oo 

We also remarked that the use of decay of type L 2 (\x\ m dx) is not the most 
appropriate for the Schrodinger equation since this structure is not conserved under 
the linear flow. 

Then we stated the goal of the paper. We wanted to know what is the lowest 
Sobolcv regularity the initial data can have so that we have well-posedness? When 
asking this question, one should be more specific about the type of the equation 
and the dimension of the space. 

The quadratic terms in P are the first ones to be understood. The quadratic 
nonlinearities without derivatives have been studied in [CoDeKeSt] and the results 
obtained are close to scaling. 

If the nonlinearity contains terms with derivatives then the problem is called 
derivative non-linear Schrodinger equation (D-NLS). The results for quadratic (D- 
NLS) did not yet reach this level of precision, the main difficulty being generated by 
the loss of one-derivative in the nonlinearity. The scaling exponents for the problem 
are s c = l| — 1, when only one of the terms contains derivatives (for instance uDu), 
and s c = ^, when both terms contain contain derivatives (for instance DuDu). 
The best result we knew was of the form, see [Ch] : if m = ^ + 2 and s = § + 4 then 
the quadratic (D-NLS) is locally well-posed. This is a bit too far from the scaling 
exponent and, as we will see later on, the decay is too strong also. 

The analysis of the problem brings the conclusion that the "worst" interactions 
are the orthogonal ones, i.e. those between waves which travel in orthogonal direc- 
tions. Therefore the problem becomes more interesting in dimensions 2 or higher 
and we decided to understand what happens when n = 2. This is why in this work 
we decided to specialize to the case of two-dimension quadratic (D-NLS). 

Our goal in the first place was to obtain local well-posedness for initial data 
i*o € H s , for any s > s c . To achieve that goal we assumed that the initial data 
comes with a bit of spherical symmetry 

We recall the definition of the differential operator: 

(4) Kf = (x 1 d X2 -x 2 d Xl )f 

and of the pseudo differential operators in the left calculus: 

(5) V>f = (1 + J^^f with symbol (1 + J^p^)^ 
for some < e < \. For a generic space of functions X we defined: 

(6) V'TIX = {/ e X : V'f e X and V'TZf e X} 

We renamed the decay operator from Part 1 by V since we use in the present 
paper a more general type of decay which we call T>. 
The main result of Part 1 is the following: 

Theorem 2. Assume n=2. Given any s > s c and T > 0, there exists 6 > such 
that for every uq e V'1ZH s with 5q = \\uo\\vtzh= < 5 , the quadratic (D-NLS) has 
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a unique solution u in C([0,T] : V'1ZH S ) n 1ZV Z s ' b with Lipschitz dependence on 
the initial data. 

The definition of Z s ' 5 will come up in the current paper. Two major questions 
arise once we acknowledge this result. One is to try to obtain a result without 
involving any spherical symmetry and the other one is to remove the smallness 
condition on the initial data. 

The current paper answers to the first issue. We essentially prove that for any 
s > s c +l the quadratic (D-NLS) is locally well-posed for small uo € VH S . In section 
2 we provide a precise definition of VH S ; if the reader digested the definition of V 
we can remark that V'H S C VH S . 

Let us make the result we obtain more precise. 

We denote by X[o,t] a smooth approximation of the characteristic function of 
[0, T] such that X[o,T]{t) = L Vt € [0,T]. We will always consider X[o,t] as a 
function of time, in other words by X[o,t] we mean X[o,T](t)- 

We dedicate the section 2 to the definition of the spaces T>Z S ' 5 (for the solutions) 
and VW S (for the inhomogeneity) . These spaces satisfy the linear estimate: 

Theorem 3. If g e VH S and f e VW S , then the solution of: 

r iu t - a« = / 

1 j \u(x,0)=g(x) 
satisfies X[o,i]U € £>Z S < 5 n C t VH s x . 

To each quadratic nonlinearity we associate is the standard way the bilinear form 
Bp(u,v). The bilinear estimate is the next key result: 

Theorem 4. If s > s c + I, we have the global bilinear estimate: 

(8) \\B P (u,v)\\ VW s < C 8 \\u\\vz'\\v\\vz' 

Once we have the above two results, a standard fixed point argument gives us 
the main result: 

Theorem 5. Assume n~2. Given any s > s c + 1 and T > 0, there exists 5 > 
such that for every uq e 2?i? s wit/i <5o = ||uo||x'ff s < <5 , i/ie quadratic (D-NLS) has 
a unique solution u in C([0, T] : VH S ) r\VZ s - 5 with Lipschitz dependence on the 
initial data. 

The general approach of this result is similar to the one in Part 1. Let B(u, v) 
be the bilinear form: 



(9) B(u,v)= c v u xiVx 3 

»,j€{l,2} 

where are complex constants. We intend to obtain bilinear estimates for B(u, v) 
and B(u, v) since this way we cover the theory for all quadratic polynomials of type 
P(Vu, Vm), except for those of type P(Vu). For the last ones the theory had been 
developed previously, see [Gr-p]. 

We start with X 3 -^- 1 as the candidate for Z s and X s '~^^ as a candidate for 
W s . The bilinear estimates work fine as long as we recover information which is at 
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some distance from the paraboloid (r = £ 2 ) and it breaks down very close to the 
paraboloid - we catch a logarithm of the high frequency which cannot be controlled. 
To remedy this we come up with a more delicate decomposition of the part of the 
Fourier space which is at distance less than 1 from the paraboloid. More exactly 
we introduce a wave packet decomposition and we measure the packets in LfL x . 
Then the target space W s is also modified at distance less than 1 from paraboloid, 
i.e. we also have a wave packet decomposition and the packets are measured in 
L\L X . We have to recover a L\ structure on the packets for B(u, v) and this is why 
we need to involve the extra decay. 

All along the argument we do involve decay in the bilinear estimates and this is 
why our spaces will be of type T>Z S and T>W 8 . See section 2 for the definitions. 

Once the bilinear estimates are fixed, then a standard fixed point argument gives 
us the result of Theorem 5. 

One can easily adapt our argument for the bilinear forms of type: 



This is because the basic estimates are derived for the bilinear form B(u, v) = u-v 
and then we "over-estimate" the size of V, see the beginning of section 4 for more 
details. Thus we are entitled to claim the result for the quadratic polynomials of 
type P(u,Vu), P(u,Vu) and P(u,Vu). 

The spaces we use in this paper are in some way the counterpart of the ones 
involved in dealing with the wave maps equation, see [Ta] and [Tao]. Our spaces 
are a bit more difficult since they involve phase-space localization, rather than phase 
localization which is the case for the wave-maps. 

We should also make a point in the fact that the result in the current paper is 
not a trivial reproduction of the argument in Part 1, for the case when we do not 
use any spherical symmetry. One would notice along the proof that we need to use 
decay when obtaining estimates solely in X s '2^ spaces. In Part 1, we were able to 
derive the bilinear estimates in X s ' 2 - 1 by using only the spherical symmetry. We 
also changed the type of decay and not just to make it more general. In Part 1 we 
really needed an hypoelliptic operator to give decay, while in the current paper the 
decay we use some sort of a micro-local version of the condition in (3). The current 
decay type is more general than the one used in Part 1 ; on the other hand it would 
not be good enough for the purpose there. 

We conclude the introduction with few open problems. We predicted from Part 1 
that, without assuming any symmetry, we do expect a positive result for s > s c + 1 
and a negative one for s < s c + 1. In this paper we provide only the positive result; 
the negative one is subject to current research. 

The generalization to higher dimensions should be of interest too. We know that 
the scaling exponent is l| for the case when both terms come with derivatives and 
we think it should be possible to get similar results under similar conditions in all 
dimensions. 



2 
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2. Definition of the spaces 

For each u we denote by Tu = u the Fourier transform of u. This is always 
taken with respect to all the variables, unless otherwise specified. 

Throughout the paper A < B means A < CB for some constant C which is 
independent of any possible variable in our problem. We say Ak,B\{A<CB< 
C 2 A for the same constant C. We say that we localize at frequency 2 % to mean 
that in the support of the localized function |(£,t)| € [2 t_1 ,2 t+1 ]. 

In the Schrodinger equation time and space scale in a different way, and this 
suggests to define the norm for (£,r) by |(£,r)| = (|r| + £ 2 )5. In dealing with the 
quadratic nonlinearity without derivatives the Bourgain space X s ' b proved to be a 
very useful. They are defined in the following way: 

x>- b = {feS';{(£,T))'{T-e) b feL 2 } 

Here and thereafter (a;) = (l + |a;| 2 )5 where |x| is the norm of x. We will employ 
frequency localized versions of X s ' 2 which are constructed according to weights 
present in its definition. 

Consider tpo : [0, 00) — > R be a nonnegative smooth function such that tfo(x) = 1 
on [0, 1] and <po(x) = if x > 2. Then for each i > 1 we define ipi : [0, 00) — > R by 
(fii(x) = ipo(2~ t x) — Lpo(2~ 1+1 x). We define the operators Si, to localize at frequency 
2% by: 

HSif) = fi = <pMt,T)\)-fc,T) 

For d€li = {2"\ 2-*+ 1 , .., 2*+ 2 } we define <p iid (£, r) = <^(|(£, r)|) • tp i+ln2 d (\r - 
£ 2 |). There is one simple reason to chose to work with d in this way rather than 
working with 2 d . If |(£,r)| « T then \r - e\ « |(r, r), P) « 2M((£, r), P) 

(away from zero). Hence one should think of d as the distance to P since the 
support of ip it d is approximately the set 

{(C,r) : r)| « 2\d((r,£),P) « 4 « {&r) : |(£,r)| « 2*, |r-£ 2 | « d*} 
It is easy to notice that 

E <PiAZ>T) = ^((|C,r)|), V(C,r) G R 2 x M 

We define the operators S^d by Si^f = = <£i,d * Sif and we have fa = 

Sde/i A<i- In tne su PP ort 01 /*,<i we have 1 + |t - £ 2 | w 2M. 

Sometimes it is useful to localize in a linear way rather than a dyadic way. In 
these cases we localize with respect to the value of \t — £ 2 | instead; we will make 
this clear when we need it. 

For each dyadic value d € h we introduce the operators which localize at distance 
less and greater than d from P: 

Si,<df = fi,<d = 51 fi,d' an d S iy >df = fi,>d = fi - fi,<d 
d'eli-d'<d 

The part of / which is at distance less than 1 from P plays an important role 
and this is why we define the global operators: 
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oo oo 

S-,<if = /.,<i = ^2 fi,<i and S.,>i/ = /.,>i = ^ /*>>i 

i=0 i=Q 

We denote by Ai the support in K 2 x 1 of <P»(|(£,t)|) and by the support 
of In a similar way we can define A iy <d and A iy >d to be the support of the 
operators Si t <d, respectively Si y >d- 

For functions whose Fourier transform is supported in Ai we define and for any 
I < p < oo: 

ii/ii*..i, = Eii 5 w/iilo.i 

with the usual convention for p = oo. Then we define the space X s <^' p by the norm: 

\\f\\ 2 x s,^ = J2 22is \^w x o^ 

i z 

S i 

For technical purposes we need localized versions of this spaces, like X i ' d 2 = {/ G 
X s >5 : / supported in A^} and, similarly, X-'^f and X^>f. 

X 6 ^' 1 is our first candidate for the space of solutions. Our computations indicate 
that it is the right space to measure only the part of the solution whose support 
in the Fourier space is at distance greater than I from P, i.e. the S. t >i part of our 
solutions. 

The S.,<i part of the solutions can be measured in X s ^^°° plus an additional 
structure whose construction is described bellow. 
Wc define the following lattice in the plane r = 0: 

5 = {£ = (r, 6) : r = n, 9 = ^ — , n,k positive integers} 

S is like a lattice in polar coordinates. It has the properties that the distance 
between any two points is at least 1 and that for every rj G R 2 there is a £ G S 
such that |£ — r]\ < 1. For each £ G S we build a non- negative function <p^ to be 
a smooth approximation of the characteristic function of the cube of size I in R 2 
centered at £ and satisfying the natural partition property: 

E^ = 1 

We can easily impose uniforms bounds on the derivatives of the system (0^)^ 6 h. 
For each £ G 5 we define: 

./? =4>(* f and / ?j <i = ^ * /.,<i 

The convolution above is performed with respect to the x variable, i.e. it does 
not involve the t variable. The support of /j,<i is like a parallelepiped having 
the center (£,£ 2 ) G P and sizes: ss |£| in the r direction and 1 in the other two 
directions (normal to P and the completing third one). 

The next concern is how to measure /{,<i- Let's denote by (Q m ) m ez 2 the stan- 
dard partition of R 2 in cubes of size 1; i.e. Q m is centered at m = (mi, m-i) G Z 2 , 
has its sides parallel to the standard coordinate axis and has size 1. For each £ G 5, 
m G Z 2 and I G Z we define the tubes: 
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T^ = U te[M+1] (Cr-2t0x{t} = 

{(x-2t£ 1 ,y-2t&,t) : (x,y) € Q m and i e [1,1 + 1]} 
Then, for each £ G S, we define the space Y$ by the following norm: 

(m,;)ez 3 

We have / = X^es /? ano - then wc define the space Y s by the norm: 

\\f\\ 2 Ys = J2(0 2s \\k\\ 2 Y ( 

Jen 

We define also the localized versions Y,- L = {/ e 5^°;/ supported in Ai} and 
^,<d = {/ € F ;/ supported in A^xd}, the last one being defined for any d e li 
with d < 1. 

Our solutions will be localized in time. If we come with a frequency localization 
on the top of this we are left with decay in time of our solutions. For this we define 
Y S N and Y S > N by the norms: 

ll/lh- = W(t} N .fH and = J2(0 2s \\k\\r r 

To bring everything together, define Z S ' N to be 

Z S ' N = {f G S' : ||/. 1 >i|| Jca . i , 1 + \\f,<i\\Y*.» + ll/,<i|l X 3,^oo < ™} 
with the obvious norm. One important property, proved in Part 1, is: 

Our spaces are equipped with an additional decay structure which we describe 
bellow. For each i, let Q™ be a system of cubes of size 2 l which form a partition of 
R 2 ; we choose them so that their sides are parallel to the coordinate axes and the 
center of Q™ is (2 ! nii, 1 l wi2). Let L = {(x, y) : ax + by = 0} be the equation of a 
line passing through the origin and denote by n the normal unit vector to L. For 
each k e Z, we define L\ — {(x' , y') : (x 1 , y') = (x, y) + k2 l n; (x, y) e L} to be the 
line parallel to L and at distance 2 l k from L. If / : R 2 — > C we introduce the norm: 

1 1/| \t,. L 2 = sup sup V 1 1/| 1^(07") 

L fe£Z \m:Q T nL^ J 

What happen above is that wc sum up the ||/||l 2 (Q"*) in I 1 over those <5™'s 
which intersect L\, and then we take a supprcmum with respect to k. In the end 
we take a suppremum with respect to all lines L. 

Our decay space is defined by the norm: 

ll/llW=E 22iS (ll/'ll^ + ll^lli 2 ) 

i 

If / : E 3 — > C (we include the time dependent functions), we define: 
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V . L 2 = sup Sup E I L^.<) "xi 

For / such that / is supported in Ai^ we define: 

ll/IL v .,i =2 J ''(2 , 'd) i (ll/lk^ + ll/IU») 
and the decay version of X s ^' p , 2?X s '5-p is defined by the norm: 

|2 



id * i,d 



For / e we define: 



|^ =su P sup E ( E \\XQT^kW%) h +\\f\W 
The decay version of F s , £>y s is defined by the norm: 

ll/llw^E 22 * 8 !!/^ 

To bring everything together, define T)Z S ' N to be 

DZ^ = {/ e S' : \\f,>i\\ vxa , hl + ||/,<i||w^ + ||/,<i|| 2?Jc ., i ,oc < ™] 

So far we have built the spaces suitable for the solution of (1). We need also 
space for the right hand side of the equation, see Theorem 3. 

We can easily define X s '~2' p by simply replacing \ with — \ in the definition 
X s 'hp. Then we define y s by: 

ii/ii^ = E<£> 2s iia% 

where is defined as follows: 

n/%= E iK*>"/iiWr ! ) 

(m,i)ez 3 

Notice that (3^)* = 5^ since we will use this later for duality purposes. 
We introduce W S ' N defined by the norm: 



inf{||/l||y.. W + ||/2|| X 3,-i, 1 ;/ = /l+/ 2 } 



We measure the right hand side of (7) in: 

W°> 5 = {/ G S' : ||/,<i|&... + \\f.,>l\\\.,_ htl < ™} 

As before, we can define DP"?' 1 , V_y s ' N and VW S ' 5 . 

Besides X s ' b we need the conjugate X s ' b which is defined as follows: 

X s ' b = {feS';((Z,T)y(T + e) b feL 2 } 
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We can define all the other elements the same way as above by simply placing a 
bar on each space and operator, while replacing everywhere |r — £ 2 | with |r + £ 2 | 
and P with P = {(£, r) : t + £ 2 = 0}. 

We record the following important facts: 

f e x s ' b <^=> f e X s ' h and =jf°>-i 

Before we start we need to introduce some new localization operators. For each 
ieNwe define a refined lattice: 

(11) = {t=(n2-\d):0=?--;neNJeZ} 

Tl 

For each ( g S' we build the corresponding (f>^ to be a smooth approximation 
of the characteristic function of the cube centered at £ and with sizes 2~\ We also 
assume that the system (<t>\)^s* forms a partition of unity in M 2 . 

For each Z G Z we can easily construct a function X[(-i,;+i] to be a smooth 
approximation of the characteristic function of the interval [^—57^+5] and such 
that the system (X[Z-i ;+i])(ez form a partition of unity in M. For any (eS* with 
|£| < 2 l+1 we consider those Z G Z with the property |(£,Z)| ~ 2 J and define the 
operators: 

The support of fej is approximately a tube centered at (£,Z) and of size 2~* x 
2~ 4 x 1, the last one being in the r direction. Since the distance of these tubes will 
play an important role, sometimes it would be convenient if we were able to work 
with (/j i j2 + ;)| eH i ) ; eZ instead. The only problem is that it is not guaranteed that 
£ 2 G Z for all (gS 1 . Of course we could change the way we cut in the r direction, 
but this would complicate notations even more. We choose instead to ignore that £ 2 
may not be integer, and go on and use g^^2 +i . It will be obvious from the argument 
that this does not affect in any way the rigorousness of the proof. The last notation 
we introduce is f^ 2 ±l = h,i 2 +i + h,Z 2 -l- 

For d < 2 4 ~ 2 we obtain a new decomposition of g^: 

( 12 ) 9i,d = Y 9t,e±k 

Notice that the £'s G E l involved in the above summation have |£| w 2*. 

For the part of g supported away from P we come with a different decomposition: 

( 13 ) 9i,>2'-* = X) S 

where I t = {I G Z : 2 2i ~ 2 < |Z - £ 2 | < 2 2i + 2 }. The £'s G involved in the above 
summation have |£| < 2 i+1 . 
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3. Proof of Theorem 5 and Linear Estimates 

In this section we intend to use the results already proved in Part 1, see [Be]. It 
is well-known in the literature that once we have the linear estimates in Theorem 
3 and the bilinear estimates in Theorem 4 we get the result in Theorem 5 via a 
standard fixed point argument. See, for instance, Part 1. 

The linear estimates, see Theorem 3, in the variant without decay, were also 
proved in Part 1, see the corresponding section there. The conservation of decay 
can be easily adapted to those proofs. This is due to the fact that the type of decay 
we use is scaled properly for the Schrodinger equation. If one wants to pursue the 
complete argument, it would be useful to acknowledge the section results in section 
4.4. 

4. Bilinear estimates in TZX s ^- 1 

In this section we derive the bilinear estimates for B(u, v) and B{u, v) in IZX 6 ^' 1 , 
where B is of type (9). We introduce the additional bilinear form B(u,v) = u ■ v. 
If u is localized in Ai we use the estimate ||Vu||l2 < 2 l ||w|| £ 2. X 3 '^' 1 are 1? like 
on dyadic pieces, hence if u is localized in Ai and v is localized in Aj we use the 
estimates: 

(14) ||B(u,t;)|U < C|M|jHMU« =* \\B(u,v)\\ x < 2^C\\u\\ x ,\\v\\ x „ 

(15) \\B{u,v)\\ x < C|H|x'||«||jr« =* \\B(u,v)\\ x < 2 i+ *C\\u\\x>\\v\\x» 

Here X, X' , X" are of type X s,± ^' p . The constant C may depend on u, v, more 
exactly of their localizations. The key thing is once we have estimates for B, we 
obtain estimates for B by simply bringing in the correction factor of 2 l+: > . 

If B were of type (10) the correction factor would be only 2 J and this justifies 
why we can claim the estimates for bilinear estimates of type (10). 

Another thing to keep in mind is that we apply duality along the proof and 
anytime we do it we mean it in the context of B, not B. 

The main results wc claim are listed in the following theorem. 

Theorem 6. a) If i < j, we have the following estimates: 

(16) ||B( U ,t,)|| v ..-i < j2< 2 -«)*2< fc -'>||u|| v s, h \\v\\ .,i 

The above estimates holds true if B(u,v) is replaced by B(u,v) or B(u,v). 
b) If5i < j, we have the following estimates: 

(17) ll fi («.«)ll^-i^ 2(a -'NHI D(X .4lMl 1 , jX ..i . 

3 j,>2-' > 3 j,>2-» 

The above estimates holds true if B(u,v) is replaced by B(u,v) or B(u,v). 
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4.1. Basic Estimates. 

We start with a simple result stating how two parabolas interact under convo- 
lution. We need few technical definitions. 

Throughout this section functions are defined on Fourier space (they should be 
thought as Fourier transforms). This is why we use the standard coordinates (£, r). 

For each c G M denote by P c = {(£,r) : r-£ 2 = c} and by P c = {(£,r) : r + £ 2 = 
c}. For simplicity P = Pq and P = Pq. 

Denote by Sp c = (5 r _^2 =c the standard surface measure associated to the parabola 
P c . With respect to this measure, the restriction of / to P c has norm: 

\\f\w {Pc) = (// 2 (e,e 2 + c )yrTW^) 2 

The first result was derived in Part 1, see the corresponding section there: 

Proposition 1. Let f G L 2 (P 1 ) and g G L 2 (P 2 ) such that f is localized at fre- 
quency 2 l and g at frequency 2 J . We have: 

(18) \\fS P i * 9 5 P2 \\ L2 <2 min ^)||/|| L2(pl) || ff || L2( p 2) 

where P 1 G {P Cl ,P Cl } and P 2 G {P C2 ,P C2 }. 

The second result comes to replace the corresponding one in Part 1 for the case 
when we do not have any symmetry involved. 

Proposition 2. We assume that we are in the same setup as in Proposition 1. In 
addition we assume i < j, \a\ < 2 2% ~ 2 and | C2 1 < 2 l+: >~ 4 . Then 

(19) WfSpi *^P 2 |U 2 (|(£,r)|Ri23,|r-£ 2 |<d) ^ d% I l/l U 2 (pi) 1 Ifll U 2 (P 2 ) 

w/iere P 1 G {P Cl ,P Cl } and P 2 G {P C2 ,P C2 }. 

Proof. We notice that it is enough to prove the result under the hypothesis that 
d < 2 4+3 ^ 4 since otherwise, the result in (18) is stronger. Without losing generality 
we can assume c\ = c 2 = 0. One could easily adapt the argument bellow to the 
general case when |ci| + | C2 1 < 2 t+ ' J ~ 2 . 
fS P * gS P 

An easy way to test the above norm of a function is by estimating \(fS T= ^2 * 
g8 T= ^)h\ for any h G L 2 supported in the region |r — £ 2 | < d. For any such h we 
have: 

(f5 T=i 2 *g5 T=e )h = 

j fiZMvMZ + V,C 2 + r ? 2 )v / l + 4e 2 V / l + Wd^dn 

Since h is supported in a region |r — £ 2 | < d we need the following condition on 
the variables inside the integral: |(£ + n) 2 — (£, 2 +i] 2 )\ < d or 2|£| |??| cos 6 < d where 9 
is the angle between £ and 77. Hence cos 6* < 2~ % ~^d which implies \6 — -|| < 2~ % ~id. 
This suggests decomposing: 



12 



IOAN BEJENARU 



2'+^ + 2 <i- 1 

[0,27r]= (J h= (J [(/--)2- i -^,(/ + -)2- < -^] 

ieJi,j, d 1=1 

in other words to split [0, 27r] in a disjoint union of intervals of size 2~ % ~ : >d?-. Cor- 
respondingly we split: 

/ = f l and 9 = 9i 

such that fi is the part of / localized in Ai = {£ : arg£ S /;} and similarly for 5. 

If arg£ G /; and argry e /// and we want them to belong to the domain of 
integration above we need to impose \l — l'\ = 2 t+: >d~ 1 (modulo 2 4+J+2 d~ 1 ). For 
each I there are two Z"s with this property. We simplify more and consider that 
there is only one I 1 - — I + 2 l+j d~ 1 (modulo 2 %+i+2 d~ l ) with this property; one can 
easily complete the argument with both values. Then we have: 

{f$ T =e *9 6 r=e) h = 

E / ft ^ ivMt +v,e + r? 2 )Vi+^vi+v^ 

Now that we have a sharp angular localization, we complete it with a norm 
localization which should be consistent with the angular one: 

ft = X! ft> m and 9l± = gi± - n 

m n 

One can easily notice that it is not important to explicitly delimit the sets for 
m and n. 

For the low frequency things are simple: /; ;TO is the part of /; localized in the set 
A\ m ~ {S, <E Ai : |£| e [2~ l d{m — |), 2~ l d(m+ i)]} and notice that this is consistent 
with the arc length size localization of g t ± (which is 2~ l d). 

For the high frequency we should do something similar: one would like to localize 
\r]\ in intervals of size 2~' J d. The only problem we encounter is that if i « j and d 
small we may see the curvature of the circle and then the support of gi±^ n cannot 
be approximated by a rectangle. 

In order to fix this we chose gi± tTl to be the part of gi localized in A J . ± = {77 € 
A l± :r]-vi± e [2-J'd(n-i),2-J'd(n+!)]}; we denoted by v t ± = (cos^-^'df ), sin(?- L 2- 
and vi = [cos{l2~ % ~ : >d 1 ^),sm.{l2~ % ~^d^)) (we will need the second one later). 

This way the supports of A] m and Bj ± are rectangles of sizes 2~ l d x 2~id. 

The crucial property is that the sum sets of the supports, namely A\ m + A° , ± = 

{£, + T] : £ G A\ m and r\ € A J n [± } are disjoint with respect to the pair (m, n). This 

is mainly because the sum set A] m + A° n [± is approximately a rectangle of sizes 

2~ l d x 2"^d and whose center has coordinates (2~^dn, 2~ l dm) with respect to the 
base (vi,Vi±). Let's denote by h m ^ n the part of h which is supported in this set 
(more precisely the projection of the support on the £ space should be supported 
there). Hence we can write: 
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(f5 T=i 2 *gS T=e )h = 

E EE /j),™K)sis»(i)W{ +v,e+ v 2 )Vi + 4£ 2 v 7 ! + 



and then, for fixed Z, we can estimate: 



[E / ^n,„(? + ^ 2 + ^ 2 )v / iTWiTvW) 

In order to estimate the remaining integral, we introduce the change of variables 
V -» (p, 6) followed by (£1,62, p) -» (Ci, C2, C3): 

{£1 +pcos6» = Ci 
£ 2 +psin0 = C 2 
€? + €1 + p 2 = Ca 

The Jacobian for the first transformation is dr\\dr\i = pdpdO and for the second 

2 — t 

d(id(2<i(3 = (p — £1 cos# - £ 2 sind)d^id^ 2 dp = 9 ^ d^d^dp fa pd^d&dp-, here 

2 

we have used the fact that |£ • 77 1 < d < Therefore the above integral becomes: 
/ Cn« + ^ 2 + r/^Vl + ^Vl + V^ « 

2 t+J / ^, n (Ci,C2,<3)dCidC2dC3<» < d|IV«ll 2 

In the last estimate we have used the fact that we integrate over a domain where 
A8 w 2~ l ~3d. Hence we can conclude the above computation with: 

|(//£ r= {2 *ffixJ r= |2)ft| < d5||/ i || i2(P) || fi , ; _ L || i2( p ) ||/i|| I/2 
In the end we perform the summation with respect to I to obtain: 

\(f5 T= p *g5 T=e )h\ <^d^\\fi\\ L 2 (P) \\g^\\ L 2 (P) \\h\\ L 2 < 



d' (EH/<HW)J (Ell^ll^(p)J INU^d'll/IU»(p)IMMp)llfclU» 

Since this holds true for any h € L 2 supported in |r — £ 2 | < d, we can conclude 
with the result of the Proposition. 
fSp * g<5p 

We start the argument in a similar way. We test the convolution against alieL 2 
supported in |t — £ 2 | < d: 

{fS T= -^2 *g8 T=6 2)h = 
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Since ft is supported in a region |r — £ 2 | < d we need the following condition on 
the variables inside the integral: |(£ + i]) 2 - (-£ 2 + rj 2 )\ < d or 2|£||»j + £| cos# < d 
where 8 is the angle between £ and 77 + £. Hence cos# < 2~ % ~id which implies 
|# — § I < 2~*~ J d. This suggests decomposing: 

/ = ^2 fl and ft = ^2 h i 

such that fi is as before and ft; is the part of ft whose support, when projected on 
the £ plane, is included in A\. Then the argument continues as before with ft taking 
the place of g and vice-versa. 
fS P * gdp 

If * < j — 2 then the convolution is localized in region with t < 0, hence outside 
the region with \t — £ 2 \ < d. If j — 1 < i < j then this is similar to the case 
fSp * gS P . 

□ 



4.2. Bilinear estimates on dyadic regions. 

For a bilinear estimate we use the notation: 

which means that we seek for an estimate ||-B(m, u)||.z < C||u||;e • \\v\\y. Here the 
constant C may depend on some variables, like the frequency where the functions 
are localized. 

A standard way of writing down each case looks like: 

a k o — n — 

"V" ' 2 v ' 2 v 2 

- - 

This means that for u £ X^^ and v € -^j 'd 2 we estimate the part of B(u,v) 
(or B(u,v)) whose Fourier transform is supported in Aj^ 3 - Formally we estimate 
T^ 1 {xA j d3 F{B(u, v))). This is going to be the only kind of "abuse" in nota- 
tion which we make throughout the paper, i.e. considering ||_B(u,v)|| s 1 even if 

x . ? 

3, d 3 

!F(B(u,v)) is not supported in Aj^ 3 - We choose to do this so that we do not have 
to relocalize every time in A,,d 3 . 

Sometimes we prove estimates via duality or conjugation: 

X ■ Y -> Z X ■ (Z)* -» (Y)* and X-Y^Z^X-Y^Z 
Proposition 3. Assume 1 < i < j. Then we have the estimates: 

(21) \\B(u,v)\\ x0r _i < 2~ (max (d 2 ,d 3 )y 2 \\ 
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(22) o.-i <2^||«|| .ilH| o.i 

where the parameters involved are restricted by i < j — 5 =>■ d\ < 2*~ 3 . 
If \i — j\ < 1 an d k < j — 1, then we have the estimates: 

(23) \\B(u,v)\\ ,_i <2^( ma x(d 1) d 2 ))-'|H| ,ilMI v o,i 

fc,d 3 i,di 3,0-2 

(24) o.-J < 2^||u|| o,i|M| „,i 

k , d 3 3 >d-2 

where the parameters are restricted by k < j — 5 => d% < 2 k ~ 2 . 

All of the above estimates hold true, with the same restrictions, if B(u,v) is 
replaced by B{u, v) or B(u, v). 

Proof. We should make some commentaries about the statement above. If i < j — 2, 
then the result is localized at frequency w 2 J . There is something to estimate only 
if k = j, j ± 1. The estimates for the case k = j are generic and this is why we 
choose to list and prove them only. 

It is only when i = j — 1, j that we have parts of the result at lower frequencies 
and then we have to provide estimates for all k < j + 1. 

We deal first with the case when we measure the outcome at the high frequency 
and at the end we deal with the case when we have i = j — l,j and we have to 
measure the outcome at lower frequencies. 

We need to transform the estimates on paraboloids in estimates on dyadic pieces. 
If we localize in a region where |£| s=s 2 fe , the parabolas P c make an angle of w 2~ k 
with the t axis, so we have the following relation between measures: 

d£dr w 2- k dP c dc 
If d < 2 l ~ 3 then in A l , d we have |£| w 2 l . Therefore for I < i - 3: 

(25) |M| 2 ^2^+*) f \\u\\l HP } db 

x. 2l 2 Jb=2l~ 1 {b2 > 

At this time we are ready to start the estimates. 

n J_ n — n — 

v » 2 ~Y~ 2 V 2 



Case 1: rfi < 2 J ~ 3 
subcase 1.1: d 2 < 2 J 3 

We can apply the result of (18) to evaluate 

\\u*v\\ L 2< / \\u6p bi2i * iSp b22J \\ L 2db x db2 < 



/ / 2 i ||«|| i 2 ( p ti24) ||t)|| L2( p t2aj )d6id62< 

J 1 1 J I2 

T Qf (l + M*)- 1 *!) 2 (1 + W" 1 



d&2 IM 



1 V"'' 
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2 ' IMI o,ilMI .i 

Here we used the fact that I 1 w [^-, 2d\\ which gives us J* (1 + &i2*) _1 cZ6i w 2 _i . 
Same thing for the integral with respect to 6 2 - (25) gives us: 

\\B{u,v)\\ ,_i <(2*d 3 )-*||u*t)|| La <23-^-'|H| „,i|H| „,i 

.A ■. .A ^\ ■ . 

If we use the same approach, but use (19) instead, we obtain the estimate (22). 
The use of (19) requires some restrictions on the range of parameters involved. In 
our case this translates into d 2 ,d 3 < 2 l ~ 2 . This is fine, since if max (d 2 , d 3 ) > 2*~ 2 , 
then the estimate (21) is stronger, hence we do not have to deal with additional 
cases. 

subcase 1.2: d 3 < 2 J 3 

This estimate for this case can be deduced by duality from the estimate: 
a i -o i - o — - -o - o — o — i 

V'- 2 V '2 . 2 V '2 V '2 . V 2 

The proof of the last estimate is treated in Subcase 1.1 bellow, 
subcase 1.3: d 2 ,d 3 > 2 j ~ 2 

In this case we use a much simpler argument. For reference we call this the 
L 1 * L 2 — > L 2 argument. It goes as follows: 



\\u\\ L1 <2^dl\\u\\ L 2^T\\u\ 
Then we continue with: 



\\B{u,v)\\ i «2->||fi*fi|| ia(x )< 

2-^|NU 1 -||t)|| i2 <2 i -^|H| o,i|Hl x o,i 

Notice that, since i < j, the first estimate is stronger then the second, hence we 
do not have anything else to prove. 
Case 2: d 1 > 2 1 ' 2 

We have to deal only with the case i > j — 5. We get this estimate by duality 
from: 

-0 1 i - — i Oi -0 i — i 

V^- 2 V '2 . \^ u ' 2 V u '2 V '2 . \^ u ' 2 

The last estimate is treated in the next group of estimates. 
— n i n — n — 

Case 1: di < 2 l ~ 3 
subcase 1.1: d 2 < 2 J 3 

This case is totally similar to Subcase 1.1 in the first estimate because we have 
all the necessary ingredients, 
subcase 1.2: d 3 < 2^ 3 

This estimate for this case can be deduced by duality from the estimate: 
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Last estimate was proved by itself in Subcase 1.1 in the first group of estimates, 
subcase 1.3: d 2 ,d 3 > 2' J ~ 2 
Use the L 1 * L 2 — > L 2 argument. 
Case 2: d x > 2 l ~ 2 

We work in the hypothesis i> j — 5. By duality we get the estimate from 

- o - - o - n — - 

yV, 2 y ' 2 . Y 2 

j,ds ' j,d 2 ^i,di 

- - -0- - — - 

This last estimate can be easily treated as if it were X- ' d 2 3 • X- — > X i di 2 , since 

d\ > 2' 1 ~ 2 . The conjugate of this estimate has been treated before. 

a L — o — n — 

-X" X y X 2 

— 0— 0— — 

If 7 — 5 < i < j then the estimate is similar to the one in X- '? -X- '? — ► X- ',, 2 . 
If * < j — 5, then we have the following cases: 
Case 1: d 2 ,d 3 < 2^'" 3 

_ o I 

This is incompatible since functions in X i d 2 have their Fourier transform sup- 

-i 

ported in a region with r < and functions in Xj ds 2 have their Fourier transform 

supported in a region with r > 0; an easy computation shows that, by convolution, 

o - 

the Fourier transform of a function in X i cannot move the first support to the 
second one. 

Case 2: min(d2,d 3 ) > 2 J '~ 3 

subcase 2.1: d 3 > 2 2 ^ 3 > d 2 

O 1 o - — 

This case can be treated the same way like X i ^ i • -XV d 2 2 — > Xj' da 2 , just that 
we use this time the estimate for fSp *g5p c . Notice that the condition d 3 > 2 J ~ 3 
implies that we have to deal only with the estimate (21), since it becomes stronger 
than the estimate (22). 

subcase 2.2: d 2 > 2 2 ^ 3 > d 3 

Qjl — 0— o — 

This case can be obtained by duality from -XV d 2 • X-^ 3 — > X • ' da 2 , which is 
similar to the above estimate. 

subcase 2.3: ma,x(d 2 ,d 3 ) > 2 2j ~ 3 
Use the L 1 * L 2 — > L 2 argument. 

High - High interactions with output at low frequencies 

— — — — 

We have to deal with estimates of type X i ■ X-' d ^ — > X k ' d 2 , for i = j — 1, j 

and k < j + 1. The estimate for the case i = j is generic, hence we will work only 

this one out. In order to see easier the duality, we choose to replace k by i (this 

new " i" is different the the one before) and look for an estimate of type 

o i n — n — 

X X ► X 2 

j',di j,d 2 i,d 3 

Conjugation and duality give us: 

n - - o - 0—1- -0- 0- -o—i- n 1 o- o— - 

Y '2 Y '2 . Y ' 2 _v Y 2 Y" '2 . Y 2 _v Y 2 V" '2 . Y 2 

A i,d 3 ' A J,d 2 ~* A j.di ^ A *,d3 ■ A J,d 2 ~* A j.di ^ A 3,di ' *3,di A Ms 

and this is enough to justify the estimate; with one exception though: i > j — 5 
and d 3 > 2 l ~ 2 . This exception is treated in the next two cases. 
Case 1: d u d 2 < 2^ 2 
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The argument is similar to Subcases 1.1 in the previous estimates. Making use 
of (18) we get: 



* v5 P . - \\ L 2dbidb 2 < 



b 2 20 



/ / y\\u\\ L 2 {P • „)\\v\\v { p b22J )dbidb 2 <||«|| ,ilNI o,i 
Jh Ji 2 x j, dl x j,d 2 



Next 



\\B{u,v)\\ x0 ,_ h « (2V)-i\\B(u,v)\\ LHAid3) < 2-^||u|| 0ii ||«|| 0ii 

i,ds j,d\ j,d2 

where we use the fact that d 3 > 2 i ~ 2 > 2 j ~ 7 . 
Case 2: max(rfi,rf 2 ) > 2 j ~ 2 

I o — — 

This case is similar to Subcases 1.3 in the estimate X- '3 • X-'3 — > X- 2 

i,a\ ],a 2 J,a, 3 

and uses the trivial L 1 * L 2 — > L 2 argument, 
ni — n — n — 

In the same way as above, duality gives us the estimates as claimed in the 
Theorem. With the same exception: i > j — 5 and d$ > 2 4 ~ 2 ! The exception is 
treated we proceed as in the Case 1 and Case 2 above. 

□ 



4.3. Bilinear estimates in X s ' 2 involving decay. 

The results in Proposition 3 indicate that we can not recover a full derivative 
in the case when, see (21) and (22), d 2 and d-$ are small. We also do not have a 
complete range of bilinear estimates, see the restriction d\ < 2 l ~ 3 there. This is an 
indication that we have to bring the additional decay structure in order to complete 
the section. 

Proposition 4. a) Assume i < j — 5, d\ < 2 l ~ 2 and d 2 , ds < 2 l ~ 5 . Then we have 
the following estimates: 

(26) \\B(u,v)\\ ,_i <2 2i ||u|| o, 4 IMI o.i 

b) Assume i < j — 5 and di > 2 l ~ 2 . Then we have the following estimates: 

(27) \\B(u,v)\\ , <2 2i \\u\\ n,i INI n,i 

TTie above estimates holds true if B(u,v) is replaced by B(u,v) or B(u,v). 

c) Assume \i — j\ < 1, k < j — 5 and c?3 > 2 4 ~ 2 . T/ien we have the following 
estimates: 

(28) \\B(u,v)\\ x0 ,_ h <2 fc +^2 1 i i |M| 0ii |M| 0ii 

T/^e a&ove estimates holds true if B(u,v) is replaced by B{u,v) or B(u,v). 
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- - 

Proof, a) It is enough to estimate (f-g, h) L i = (f*g, h) L 2 for / e VX i £, g e X.'^ 

andhe(X^r=X°g. 

We define 6 P = {ry e 5, \rj\ « 2^ : arg?? e [(p - i)2 4 ^f , (p + ±)2 J -J§]} and by 
g p we denote the part of / whose Fourier transform is localized in <d p . The size of 
g p in the angular direction is 2 l , therefore the interactions / * g p is essentially 
localized in Q p . Therefore we have: 

(/ -g,h) L 2 =^2(f ■ g p ,h p ) L 2 
p 

For each p, we define orthonormal basis x p , x p inR 2 by x p = (cos (p2' _J -|), sin (p2 l ~ 3 -|)) 
and x 2 = (— sin (p2 l_J |), cos (p2 l_J |)). We denote by £ p ,£, p the corresponding ba- 
sis on the Fourier side. 

For each m e Z we define the rectangles i?™ C R 2 centered at im\V , m 2 2 J ) with 
respect to the basis (x p ,y p ) and of sizes V x 2* (x p x y p directions). 

g p is supported in a "curved" parallelepiped whose sizes are larger than the dual 
sizes of Q r p x R; the size of its support in the direction of is d 2 , hence we can 
conclude: 

^2\\9p\\ 2 Ll pit L^ p (R^xR) ~ M\9 P \\h 

m 

Similarly for h p j (here it is key that it has the same angular localization): 

E HMi 2 Hp , t L~ (i?™xR) < d 3 \\h P \\ 2 L 2 

m 

This gives us an l\J y L\ jV ^U^iBJ^ x R)) structure for g p h p . Therefore we need to 
estimate / in I™ (L™ ^Ir™ xl)). 

Each J?™ can be written as J?™ C \J^.Qfh^ L k^Q™ . We can be more precise: 
the line L generating L\ goes in the direction of x p and we can restrict indexes m 
in a set of cardinality ss 2 J_ \ Then we have: 

ll/llip, /; P (fl;xt) ^ E H/Hip>, t iip(Qf xR) ~ 

m 

EEE \\h:a 2 +k\\L™ Vt Ll P (QT xK) ~ 2 *EEE H/«,« 2 +*:IU°°(QfxR) < 
m £ fe m ^ fe 

2x2^ E ( EE \\h,? + k\\l~ (QT XR) ] 

m \ £ fe / 

Now we use (43) to obtain: 

ll/ILs .^WxM) £ (2 3 M 1 )^||/|b li2 < 2*11/11 o,i 

ux i,d\ 

Hence we obtain the estimate: 

\(f ■ 9p,h P } L i\ <m\\o^4\\g p \\ L 2dj\\h p \\ L 2 

DX i,d 1 

Summing wit respect to p we obtain: 
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K/-0,^l<2il/|l 0,1 4\\g\\ L2 dl\\h\\ L2 ^ T-mf\\ ^o^lML o.ilNLo,i 

This translates into: 

\\B{f,9)\\ x o, h < 2^11/H cillflll^ci 
The principle in (14) gives us (26). 

One can easily see from the above argument that we can easily carry on the 
same proof for the case when we deal with B(f,g). As about B(f, g), this was 
written just for the sake of completeness, since there is nothing to estimate there. 
The supports of high frequencies Ay d 2 and Aj ^ are too far away to be linked via 
the convolution with the low frequency since we are in the case i < j — 5. 

b) The proof for the case d\ > 2 l ~ 2 , d 2 ,d 3 < 2' J ~ 2 is completely similar of the 
previous one. We work with g^j instead of g^.^+k and use (46) instead of (43). 

In the case di < 2- 7 ~ 2 and ds > 2 3 ~ 2 we estimate directly since it turns out that 
no decay is needed. We use the L 1 * L 2 — > L 2 argument: 

\\f.g\\ i *2-i\\f*g\\ L2 <2-i\\f\\ L1 \\g\\ L 2< 
2 2 ^||/IU 2 |MlL 2 <2^||/|| x0 ,i|| ff || x0 ,i 

i>d\ 3,d2 

This is the estimate for B which implies the one for B, see (14). 

In the case when d 2 > 2-?~ 2 but d 3 < 2^ 2 we can obtain the result via duality 

0- — - -0 — 

from VX i ■ X- — » X- ' d 2 2 . This last estimate can be obtained via a similar 
argument as the one above. 

If g? 2 , g?3 > 2 J ~ 2 then the estimate can be obtained via the L X *L 2 — > L 2 argument. 

As we remark at the end of the proof of a), we can obtain easily the estimates 
for B(u,v) and B(u,v). 

c) We will get this result from the one in (26) . It is enough to estimate (f-g,h) L 2 

0- 0- — - -0 — 

for / e X i g e X- ' d 2 2 and h £ (AT fc ' d3 2 )* = X k 'J 3 . Equivalently, we can estimate 

— — — 0— 0— — — 

{h ■ g, J)l 2 f° r h £ A fe 'j 3 , g £ X-'^ and / £ X i This can be treated the same 
way as we did with (27), just that we do not have the T> structure for / anymore. 

A careful look at the complete argument for (26) shows that the lack of this 
structure requires a factor of 2^ to be added to the estimates. Other than that 
the argument will be carried the same way as the one in part a), just that at the very 
end there is an additional correction which should be made: the factor of 2 2fc which 
would have been obtained in part a) is replaced by 2 fc+ - 7 since we have gradients 
on the two high frequencies and not one gradient on the low and one on the high 
frequency as in part a). With these observation, we completed the argument for 
(28). 

□ 

We can put the results of Proposition 3 and 4 together to obtain: 



Proposition 5. a)If i <j, we have the following estimates: 
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(29) \\B(u,v)\\ ,_i <2 2i |H| ,,ilMI v o,i 

Tfte above estimates holds true if B(u,v) is replaced by B(u,v) or B(u,v). 
b) Assume \i — j\ < 1. Then we have the following estimates: 

k+3j 

(30) \\B(u,v)\\ ,_ h <2t-||u|| n.ilHL o.i 

TTie a&cwe estimates holds true if B(u,v) is replaced by B(u,v) or B(u,v). 



4.4. Abstract result. 

Before we turn to completing the bilinear estimates by proving the conservation 
of decay, we need to prepare some theoretical facts. 

We fix A positive. The arguments bellow are independent of the size of A, hence, 
later on, we have to freedom to apply the results we obtain for various values of A. 

Let (Q m ) me z" be a partition of R" (physical space) in disjoint cubes of size A. 
We assume that Q m is centered at Am. Similarly, let (R p ) p e2, n be a partition of M™ 
(frequency space) in disjoint cubes of size A -1 . We assume that R p is centered at 

A-y 

Let XQ m be a smooth approximation of the characteristic function of Q m in the 
following sense: XQ m 1& a non-negative function essentially supported in Q m such 
that < A'l Q l,Va G N". We also want: 

m 

We say that \Q m is a generalized characteristic function of Q m if XQ m is essen- 
tially supported in Q m and H ^g^"* ||&°° ^5 A~l a l,Va G N™. The simplest examples 
of generalized characteristic functions of Q m are Al Q 9 q£T for an y «eN°. A key 
property of generalized functions is that: 



(31) \XQ m (x)\ < J2xq™+-(x) 

eel 

where I = {v e Z n : \vi\ < IVi = 1, .., n}. 

In a similar way we define the system (xflp)pez™; there is only one difference: 
ll^feHU- < AH,Va e N n . And then we define a generalized characteristic func- 
tion of R p . This time the simplest examples of generalized characteristic functions 
of R p are A~l"l 8 g|" P for any a € N™. These generalized characteristic functions 
enjoy a similar property to (31). 

It is important to make the following convention. While the systems (xQ m )mez n 
and (xfip)peZ" are fixed, the generalized characteristic functions can be arbitrary. 

Proposition 6. We have the following estimates: 



(32) 



I \XQ m (x)XRp {D)x Q m' (x)f\\ L 2 
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C N (m-m')- N E \\XR P (D)x Qm ,(x)f\\L* 

\a\ + \0\=N 

(33) Y,\\XQ-( x )XRAD)f\\h<C N Y,(rn-mr N \\x Qm '^)f\\h 



(34) | \xr* (D)x Q ™ {x)x R r>> {D)xq™' (x)f\\L* < 

C N (to m>) - N (p-pT N E I \xh ( D K m < {x)f\\ L , 

\a\ + \0\<2N 

where x%> * s a generalized characteristic function of R p which depends on xr? an d 
a and Xg m / is a generalized characteristic function of Q m which depends on Xq™' 
and (3. 

Remark. It is not important the exact expression of Xrp or Xq m > since these 
terms will be dealt via the estimate (31). 

Proof. For (32) we need to estimate ||A~' 7 ' (2 — Xm') 1 XRp(D)xQ m ' (x)f\\L2. We 
start with the commutator identity: 

X-\^(x - XmrxMD)x Q m'(x)f = 

a+/3=7 

Then we notice that Xg m ' — X~\@\(x — Am^Xg™' is a generalized characteristic 
function of Q m ' and Xrp = A~l a l 9 J^S T is a generalized characteristic function of 
R p . We denote by 7* the vector in N™ whose i'th component is 1 and the rest are 
0. For (to — m') > 2 we have: 

1 1 (to - m') N x Qm (x)xRp(D)x Qm , (x)f\\ L 2 < 
E I Km - m'.fxQ- (x)xrp {D)x Qm > (x)f\ \v < 

i 

E HA-^Or - Xm') Nli XR*{D)x Qm ,{x)f\\ L > < 

i 

E E \\xUD)x P Qm ,(x)f\\ L2 

i a+f3=N 

In order to prove (33) proceed as follows: 

J2\\XQ-(^XR P (D)f\\h <E (T,\\XQAx)XR*(D)x Q rn>(x)f\\ L2 ) < 

p p \ m' / 



C^E \J2( m - m 'y N E \\xUD)x Qm ,(x)f\\L>] < 

P \m' \a\ + \/3\=N 
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m' V \a\ + \p\=N 

c N j2( m - m r N \\x Q ^(x).f\\h 

m' 

In the last estimate we used twice (once in frequency and once in space) the 
property (31). 

The proof of (34) is a direct consequence of (32) and of its analogue: 
\\XRr(x)XQ™(D)x RP '(x)h\\ L ,<C N (p-p')- N ]T \\XQAD)x f i,(x)h\\ L2 

\a\ + \0\=N 

The proof of this estimate is similar to the one we provided for (32). If we take 
in this estimate h = Xg m > f, we obtain: 

I \XR' {x)XQ™ {D)Xrp> {x)Xq™> f\ \ L * < 

c N ( P pT n E Hxo". ( d K p > /Ik 2 

\a\ + \0\=N 

Then we apply (32) for each of the terms | \xq™ (-D)x^p' ( x )XQ m ' /Ik 2 an d con- 
clude with the claim in (34). 

□ 



4.5. Conservation of decay in bilinear estimates. 

We want to warn the reader that this section would be extremely long and tedious 
if we were to carry out all the computations. This is why will just indicate the main 
ideas. In principle things should be simple. In the bilinear estimates we used the V 
property only on the low frequency, hence the result should inherit the V property 
from the high frequency. Which looks reasonable if the interaction is localized at 
the high frequency too. In the case of high-high to low frequency, there is enough 
room to transform the V structure at high frequency into one at low frequency. 

The section is dedicated to proving the following result: 

Proposition 7. a) If i < j, we have the following estimates: 

(35) HSK«)ll I , x o,-i<2 2 1| U || i)x0 , i ||«|| cx0 , i 

3 j,d 3 z i,di j,d 2 

The above estimates holds true if B(u,v) is replaced by B(u,v) or B(u,v). 
b) If \i — j\ < 1, we have the following estimates: 

(36) \\B{u,v)\\ _ i <2^ 22 ||u|| aL \\v\\ ol 

The above estimates holds true if B(u,v) is replaced by B(u,v) or B(u,v). 

To simplify the exposition, we choose the work with B(u, v) = Vu-Vv throughout 
the proof. This does not restrict in any way the generality of the argument. 
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Oil 

Proof of Theorem 7. a) We estimated ||-B(«, v)\\ i for ti G ViX^ 2 ' and v £ 
X' d 2 2 , see (29). Given now the fact that v £ VjX-'J 2 we want to estimate ||£?(u,v)|| 0j i . 

3 Jr d 3 

One has to start with an estimate for XQ m B(u,v)j_d 3 and try to commute XQ m 
all the way next to v. This will be done in two steps: first commute XQf w hh 
the localization (fij,d 3 and second with the V. We do intend to heavily rely on 
the computations performed in the previous section. On the physical side, we deal 
with the system Q™, while on the frequency side we deal with A,,d 3 which has a 
r component too and has sizes greater than the dual ones, namely 2 _J , in the £ 
directions. 

In the same spirit with (32) we can prove: 

(37) \\XQ T h j ,* a \\L'<'ZC N (m-m')- N £ l&Wx^ll^ 

M + l/3| 

Here <PJ~ d3 are a generalized characteristic functions of the set Aj^ 3 in the fol- 
lowing sense: <f^d 3 is supported in Aj t d 3 and ||¥>"<i 3 ||.L°° < C a . 

Matters are reduced to deal with xq^B(u, v) for an arbitrary generalized char- 
acteristic function of xq™ • An exact calculus gives us: 

XQyVv = V(xq?v) - V(xq™)w 

We observe that it is enough to deal with the term VwV(xq™«). If we succeed 
to obtain the right estimates and then be able to sum them with respect to m 
(over the above mentioned domain), then we will definitely be able to treat the 
term V« • V(xq™)u for the following reasons: there is no V on v and in addition 
||Vxq™)||l°° < 2~ J , so we are better off with a factor of 2~ 2j . 

The main problem we encounter in dealing with B(u,XQmv) is that XQ m is n °t 
localized anymore in A, d 2 as v does, which means we cannot apply directly the 
bilinear estimates derived before. On the other hand XQ™ V lSi highly localized in 
Aj,d 2 in the following sense: 

(38) \\XQ T v\\ Ll d <C P 2-l fc -^max(^,^) ? £<m - m')- P \\x Qf v\\^ 

m' 

We go ahead with the rest of the argument and leave the proof of this estimate 
for the end of the section. If we take P > 3, use the fact that y>°f d 3 ls supported in 
Aj.d 3 and | \<pf^ 3 \ \l°° < C a and use the bilinear estimates (29) we can obtain: 

(Vds)i\\vZ d3 (D)B(u,x P QT v)\\ L2 <52\\B(u,x fi QT v) k , d )\\ x o. i < 

k,d 1 ] ' d 3 

C2^\\u\\ h (Vd 2 )i J2( m ™>'r P \\x Q nsv\\v 

Ml m , 

Now we can bring also the estimate in (37) and, if N, P > 3, we obtain: 

]T {yd z )-i\\x QT B{u,v) , d3 \\ L ,< 
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C22i m v x o,h E J2J2( 2Jd ^( m - m 'y N (m'- m 'r p \\x Qr v\\ L , < 

C2^\\u\\ v h (tfda)* sup ]T \\X Q? "V\\ L . < C2^\\u\\ v . h \\v\\ , h 
' " dl k m »:Qy"nL}Ve * ' 3,d2 

Taking a supp with respect to all V* in the aboves inequality gives us the claim 
in (35). 

We owe the proof of (38). For simplicity let us assume that k = j and that 
d, d<i < 2 J ~ 2 . One can easily reproduce the argument we provide bellow for the 
general case. We have: 



\\XQ?v\\ 2 L 2 d ^^^\Wu 2 +k{D)XQfv\\l 2 < 
£ k 

EE \ ^^^\\W+k{D)xQfV>li'+k{ D )(XQfv)\\ L 2 

£ k \ £ k m> J 

At this time we can invoke the result in (34) in the following context: Q™ is 
the system of cubes in the physical space of size 2 % and A* = {(t],t) : \r] — £| < 
2~ J+1 , |r — £ 2 — k\ < i} is the system of rectangles in the frequency space of size 
2~ 4 x 2~ l x 1. Since XQ m 1S independent on t, we can ignore the r component and 
then we are in the setup of the result in (34), therefore: 



\n,e+k( D )xQ™<Pz^+k(D)x QT >v\\ L 2 



< 



0)- P (e + k - ? - k)- p (m m')- P E IHe+kW^MlL' 

\a\ + \0\<2P 

The term (£ 2 +fc— £ 2 — fc)~ p cannot be justified via (34); instead we make a simple 
remark: if (£ 2 +fc— £ 2 — k) > 2, then the actual term ip^^2 +k (D)xQ^V£,£ 2 +k(^)XQrn' v 
equals since the multiplication with \Q m does not change the r component of the 
support on the Fourier side. Then we can continue with: 

\\x QT v\\i ld < E E E E E^ - o>~ p <£ 2 + * - f 8 - fcr p (™ - m'y p - 

€ k £ k m' 

E m,? + k( D K-' v ^ ~ 

\a\ + \0\<2P 

^^{)~ P E EEE(--™r p n% 2+ ,P)x^-iii 2 < 

\a\ + \0\<2P £ k m> 

max(|,A) _P ^(m-m')- P ||x^Hli 2 
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— 1 — 

b) We estimated 0i i for u e ^' 2 ' and v G X-'^, where \i — 

x k,d 3 



o i 

j\ < 1, see (30). Given now the fact that t> e T>jX-'^ we want to estimate 
||_B(m,w)|| o i . A straightforward computation gives us that: 



2> fc L* £ 2 , a*||/l|| 7 ,. ia 



This has to do with the fact that in a cube QJ 1 we fit w 2- 7 fc cubes Q™ on a 
straight line. Hence we can go ahead and estimate u)|| i and bring the 

V 3 X k'J 3 

correction of 2 L ^~ at the end. Once we are in this setup we can reproduce the same 
argument as in part a), since v comes with a T>j structure. 

□ 



4.6. Bilinear estimates on frequency dyadic regions. 

In the end we want to obtain bilinear estimates on dyadic regions with respect 
to the frequency only. 

Proof of Theorem 6. a) We deal first with the case when the outcome is localized 
at high frequency. We fix d% and making use of (35) we estimate 

\\B(u,v)\\ v 1 < \\B(u., dl ,v, d2 )\\ v 1 < 

3 J ' d 3 dl,<*2 3 3 ' d3 



O.i.l 



3i,a 2 



ViX.' 2 VjX:. 2 v,x.' 2 v 3 x.' 2 

i,di J J,d2 I J 3 



Summing up with dz and passing to general s gives us (16). 
In the case when \i — j\ < 1 and k < j — 5, we estimate in the same way, this 
time making use of (36), to obtain (17). 
b) We decompose 

v -.>2-> = ^2 v., d > + ^2 v-,d 2 

2-*<d'<2i d 2 >2*+ 1 

and notice that u*^ 2 _ i<d , <2i V-,d' is essentially localized at distance less than 2 l 
from P while u*v.^ 2 is localized essentially at distance d 2 from P for any cZ 2 > 2 4+1 . 
This happens because u is localized at frequency 2\ 

We fix d 3 > 2~ % and as in part a) we estimate: 



\\B(u, Yl ^')ll x o,-i <2 2i || U || x0 ,i, 1 || Yl v -M\ x o.i 

2- i <<i'<2 i J '' d 3 ' 2- i <cZ'<2 i 3 

In a similar manner we can conclude that for any d 2 > 2* we obtain: 



\B(u,v. 42 )\\ „_i < 2 2 *||u|| ,i,i||"-,AII 0,4,1 

3>d 2 



Taking into account the above observation above the localization of the interac- 
tions, we sum up with respect to d 3 , for 2~* < d 3 < 2* and then with respect to 
d 2 >2 l , to obtain: 
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\\B(u,v)\\ ,_ hl <2 2i i\\u\\ o.i.ilMI n.i,l 

j,<2-> » J,<2- 1 

Passing to general s gives us (17). 

□ 



5. Bilinear estimates involving the Y spaces 

In the previous section we have just seen that the theory of bilinear estimates 
cannot be completely closed in the X 8 '?' 1 spaces. This is the reason for introducing 
a more refined structure to measure our solutions, namely the wave-packet one. We 
concluded that the interactions causing problems in the X s '"!' 1 theory are the low- 
high ones. This is why we need to complete Theorem 6 with a result for this 
particular case. 

Theorem 7. Assume we have 5i < j. We have the bilinear estimates: 

(39) \\B(u, v)\\t>w? u \\"DZ 3 \\v\\t>Z 3 

The estimate remains valid if B(u,v) is replaced by B(u 7 v) or B(u,v). 

In what follows we make few important remarks for the rest of this section. The 
first one comes from the hypothesis of our theorem. 

Remark 1. We work under the hypothesis that 5i < j. 

The result in (17) shows that it is fine to use the X 11 '^' 1 structure to measure the 
low frequency and part of the high frequency (both input and output) at distance 
greater than 2~ l from P. Thus we shall obtain estimates for: 

(40) -v/ 2 J\, , + x^\- x^-x^^y^ 

We also need the corresponding estimates when we involve conjugates of these 
spaces. The condition hi < j implies that the the low frequency does not see the 
curvature of the parabola at the high frequency, in other words the parabola at 
high frequency is flat in these interactions. This is why the estimates for B(ui, Vj) 
are similar to the ones for B(ui,Vj). 

If we have to deal with B{ui,Vj), a simple geometric argument shows that the 
interaction is localized at high frequency and in a region with r < 0. This makes 
these estimates weaker than the ones in (40). 

Remark 2. Once we get one of the estimates in (4-0), we trivially get the corre- 
sponding ones with conjugate spaces. 

We have to involve and recover decay in these estimates. We prove: 

\\B(u,v)\\nw; < ^2 (1 - s)4 |M|7jx>zHMkz= 
and the similar ones. In the end we obtain the estimates with decay on all terms 
by a similar argument as in section 4.5. 

Remark 3. We first prove the estimates without involving decay on the bilinear 
term and on the high frequency. But we do involve decay on the low frequency. 
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These being said, we can start the preparations for this section. 

5.1. Basic estimates. 

This section is concerned with providing results of type Y ■ VL 2 — > y, Y ■ VL 2 — > 
L 2 and L 2 -VL 2 

Lemma 1. Lef _g e L 2 such that g is supported in a tube of size 2~ l x 2~' x 1. We 
have the estimate: 

(41) £ll<. (Qr() <2--|| 3 ||i 2 

m 

Proof. The support of g is a tube with volume 2~ 21 therefore we have: 

\\9Wl-W)) <2- 4 E ^((m,i)- ^',0)^11311^^,') 

(m',i')e-Z 3 

If we chose N > 4, then we use Cauchy- Schwartz and get: 

llffllicc Wr . )) <2- 2i E ^<KO-(<0>-"ll^ ( <r'.<') 

(m',i')SZ 3 

We can perform the summation with respect to (m, ?) : 



(m,l) m,l m' ,V 

In the last line we use again the fact that if TV > 4, then we have: 

m.l 

This is enough to justify the claim. 

□ 

Lemma 2. Let g be supported in Ai_d where d < 2 l ~ 2 . For any p G Z we have: 

( 42 ) E E \\XQT9 i ,e + k\\l™<C N 2~^ m - m 'y N \\x Q f9\\l* 

i k=2'- 1 d m> 

/ 2 I + 1 d \ * 

( 43 ) E EE HxQr^+fellloo <2-*\\g\\v^ 

m:Q?C\L*^<b \ £ k=2*~ 1 d J 

Proof. The support of g^+k is 2~* x 2~* x 1, hence: 

WxQr9u 2 +k\\L~ < cv2- 4 E( m - m ')~ N \\x Q f g^e+kWL* 

m' 

Then, (42) amounts to proving: 
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( 44 ) Y,Y,\\xQr9^ + k\\h<c N j2( m - m 'r N \\x Q f9\\L> 

£ k m' 

For fixed £ we have the obvious: 

£ \\XQT9u 2 +k\\h ~ \\XQf J^gte+kWh 

k k 

since \Q m 1S a cut in the x space while £ 2 +fc)fc is a cut in the r direction. Hence 
it is enough to prove (44) in the particular case d — 2~*(i.c. k = 0): 

^2\\XQ™9u 2 Wh £ C N Y{m-m')- N \\x Q fg\\Li 

£ m' 

We can write: 

XQ?9u 2 = XqtC^Xq T '9)u 2 

m' 

Invoking the results (and notations) from section 4.4, see also the adjustments 
in section 4.5, we claim: 

(45) \\XQ T (x Q f9h,e\\L 2 <CN(m-m')- N £ II^^X^S)!^ 

\a\ + \0\<N 

Then we sum with respect to m! and use Cauchy-Schwartz to obtain: 
\\XQ T 9i,e\\h <C N {m-m')- N £ II^^X^Il!, 

\a\ + \/3\<N 

Recalling (31), both in space and frequency, we continue with: 
Y,WXQT9uA\^<C N {m-m')- N £ £ \\<C>tA D K^9)\\h < 

? \a\+\P\<N £ 

C N (m - m'y N £ \\x Q f9\\h 

a 

Passing from (42) to (43) is a matter of algebraic computations. 

□ 

In a similar way we can prove the following result: 
Lemma 3. // g is supported in A i: d for d > 2 l ~ 2 , then for any p e Z: 

i 

( 2 2i+2 \ 2 

£ £ \\x QT 9u\\lA Zt-'WgWw 

For each a e Z 2 we define A a = {m e Z 2 : m x e [2^(2a - 1), 2^ (2a + l)],m 2 G 
[2*(2a - 1), 2 l (2a + 1)]}. We have the following result: 
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Lemma 4. The families (T™' l ) m eA a and {T^^m^Ap contain disjoint tubes unless 
\a — f3\ = max(|ai — \a 2 — /3 2 1 ) < 2; in other words if T 1 ™^ n T™'^ ^ 0, where 
m G A a and m' G Ap, then \a — [3\ < 2. 

Proof. It is enough to prove the result in the case I = 0. Let us assume that there 
is (x, t) e T™£ n T^_f, where m e A a and m' e A . Then: 

\\x-m + tr]\\ < V2 and \x - m' + t(£ + rj)\ < V2 

which implies \\m - m' + t(\\ < 2\f2. Recalling that t e [0, 1], ||£|| w 2 l , i < j and 
the definition of ^4 a , ^4/3 we obtain the claim. 

□ 

Lemma 5. For each m, m! there is essentially only one m" such that Q™''nT™ ,z n 
T™ + £ 1 7^ 0; more precisely, there are at most 5 m" 's with this property. 

Proof. The underlying idea is that the intersection T™'' ( n T^^ 1 is a subtube of 
sizes 2i~ l in the long direction and 2^ 1 > 2 l , the later being the size of the cube 
Q™ 1 ''. One can formalize an explicit proof. 

□ 

For each a, we define by B a = {to : Q™' 1 n T™ - l ^ for to' e A a }. Notice that 
the family of tubes (T™ '') m ' Gj 4 Q fill up a parallelepiped of sizes 2' J+l x 2 l+1 x 1 
(last one in the t direction) and the longest side is in the direction of r\. Hence if 
L is the line in M 2 passing through the origin in the direction of rj, then there is a 
k G Z such that: 

(47) B a c{m:QTn (L^ 1 U L k % U L^ 1 ) ± 0} 
We conclude with the main result of this section. 

Lemma 6. We have the estimate: 

(48) 11/ -5ll^< 2-^11/11^11511^ 
Proof. For ml e A a , we have: 



\\f-9\\*>., < E \\f-9\\ 2 T2 , nm , trvrm >,„< 



mEB„ 



2 J E l^llL~L2(T™'' ! )" ff "L~(Q™' ( ) < 
m6B Q 



2* J H/llioo i 2 (r m',l ) E HsIlLo^m,!) <2 * 1 \ | / 1 1 \ ^ ,, } | |ff | | \l 

m£B a 

In the last line we have used the result in (41). We sum the above estimate with 
respect to (m,l) over Z 3 to obtain (48). 

□ 

The next Lemma is a geometrical one. We work with / = / 1) ,<2- i an d 9 = 9£°,U 
f e Sy e Z where |r?| w 2^' and |(£°,Z)| « 2\ 
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Lemma 7. Assume d > 2 1 . If g * f is supported in a region where \t — £ 2 | < d 
then | cos a | < where a is the angle between £° and n. 

Proof, f is supported in a region where \t 2 — r/ 2 | < 2~ l |?7|, while g is supported in 
a region where |£ — £°| < 2~ l and |n — l\ < 5. A generic point in the support of 
/ * g is of type (£1 + £2, T i + T 2) where (£1, ri) is in the support of g and (£2, 72) is 
in the support of /. We want this point to satisfy |n + r 2 — (£1 + ^2) 2 | < d. 

We have |n - £ 2 | < 2 24 < 2 j ~ i , A|£i| w 2 _i , A|r?| w 1, therefore the condition is 
equivalent to |2ry • £°| < 2 J 'd. This implies the conclusion of the Lemma. 

□ 

Lemma 8. For fixed £, and k, the interactions g£ t (2+k*fr),<2-* have disjoint supports 
with respect to n; same is true for g^i * / r); <2-*- 

Proof. The sizes of the support of g^.^+k are 2~* x 2~* x 1. The support of ?L<2-* 
is a parallelepiped of sizes 2~ % xlx2 3 whose longest side is tangent to P. The key 
property is that we can translate the support of u^_< 2 -i so that it is included in 
the support of ?v<2-* (by simply translating the center of the first to the center of 
the second). Therefore the support of v v<2 -i * < 2 -i is a translate of the support 
°f v n <2 -i by the vector (£, £ 2 ). Therefore if we keep £ and fc fixed and take n 7^ n 1 
both in A$, then the supports of u rji <2-< *%,< 2 - 4 an d ty,<2-* *u^ <2 -i are disjoint. 

□ 

5.2. Estimates: Pj"'^ 1 • Y,-,< 2 -i ^,< 2 -- 
The main result of this section is the following: 
Proposition 8. We have the estimate: 

(49) IK<2-< -Uilb^ <2^IK< 2 -.|h • lluill^o.i.1 
This result is a direct consequence of the following estimates: 

(50) ||/j,<2-« ■^<*-A\y ] ^-, '&1 i ~ i \\U,<*-<\\Yi ■ I lft,<2'-" ll^o.i.i 

(51) ll/j,<2-« ■ft,>2«-"||y Ji < 2 _ < <2 1 ^||.4<2-Ilv 3 • ||5i,>2*-="|| x>Jc o.i.i 

(52) ll/i,<2-« ■ffi||y J ,< 2 _ ( <2^||4<2-Ilv 3 • 

(53) ll/j,<2-' -5i|h^,< 2 -i £ 2 i - J ||/ J -< 2 -,|| I7 y 3 • 11^11^0,^,1 

Proof. Throughout this section we use the following decompositions: 

(54) /,, 2 X ./V 2 

(55) ft = 5i,< 2 *-2 + g i; > 2 i-2 = 9u 2 ±k + Y 9U 
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For more details about the decomposition in (55), see (12) and (13). We do not 
want to bother about carrying the ± in g^^2 ±k in all computations. We choose to 
work only with the g^^2 +k (k will be positive) and completing the argument for 
both choices of sign is a trivial matter. 

We prove first (50). We make use of the decompositions in (54) and (55). We 
define 6 P = {ry € 5, \r]\ w V : argry e [(p - ±)2^§,(p + 1)2*^' |]}. The size 
°f Sjjge /r),<2- i m the angular direction is w 2 l , therefore the interactions gi * 
zCr^eOp /rj,<2-* have disjoint support with respect to p. As a consequence: 

(56) \\S jt < 2 -i(gi ■ fj,<2-*)\\y ~ ^2\\Sj,<2-i{gi ■ Y fv,<2-*)\\y 

v ieO P 

We decompose: 



/ 2^ d \ / 

S j,<2-'(9i,<2'-^^2 fn,<2~') = S jt < 2 -i \ Y Y -9?.? 2 + fe E A.< 2 " 

i)£8p \d<2'- 2 C k=2'- 1 d J \ri&3>p 

From Lemma 8 we know that g^.^ +k ■ f, q <2 -i is supported in Aj <2 -i iff | cosa| < 
2~ 21 , where a is the angle between £ and ry. The angle between any two rj's in O p is 
at most 2 % ~i < 2~ 2% and the angle between any two £'s in El* is either at least 2~ 2% or 
the same. Therefore all £' 's involved in the above summation have the same angular 
localization; we just keep this in mind and not formalize it. What is important is 
that we sum over a set containing w 2 2t £'s. We continue with: 




5*j,<2- 

EE Y (-9«,« 2 +fe • /r,,<2-0e+r,,<2-' = 
k £ ije(-) p 

EE E E EE E^r^,i 2 +fe-x T -', i /r ? ,<2-0£+ I7 ,<2-* 

a 2 m£B a m'EA a k £ J)S© P 

For fixed a and i, X)me-B Q X T m',if v ,<2- i 1S essentially supported (in the physical 

space) in a parallelepiped of sizes 2 l x 2 3 x 1 which is independent of r\ £ <d p . The 
position of this parallelepiped is function of a and /. Hence we have: 



(57) ll%< 2 -> [YY^e +k Y W' Hy » 

EE" E E YYY( x Qr9u 2 +k-x T ™>,ifr h <2->) i+v ,<2-*\\y 

a I rneB a rn'eA a k £ 7f€0 p 

We fix a, 2 and m £ B a . Without losing the generality of the argument, we 
choose I = 0. We fix £ and k £ [2 z ~ 1 d, 2 l+1 c?]. We also want to drop the nota- 
tion re-localization (•)r)+£,<2- i an d we can do that by making the convention that 
Xgz,z 2 +k ■ xfn has to be measured in y v +£- 
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We continue with: 



I E y^XQrgC^ 2 + fc ' X T m',o/ 7? ,<2- 



2 



For fixed m', let m" be such that Q™ n T™'<° n T^'° ^ 0. The size of this 
intersection in the direction of t is w 2*~ : ', therefore we can estimate: 

IIXQ™^,? 2 + fe ' X T ™',of\\ LlL2(T m", 0) < 2 2_J | |XQ^.9e^ 2 +fe • X T m',of v ,<2-A\L™Ll < 

Taking into account the result of Lemma 5 we can perform the 1^, summation 
and obtain: 



\\XQT9(,.,e+k ■ E X T m',o/ r) ,<2-*lb 4+T , ^ 
m'eA Q 

2 ^ J IIXQr3c,« 2 +fcllL~|| E X T m',o/^<2-i||y, 

m'€A„ 

Next we can perform the summation to obtain: 

\\xQ?9a.,e+k ■ E E x t -',o/»?,<2-'II3Vh, ~ 

jjeOp m'eA a 



2 4 J IIXQr5« 2 +fclU- E I' E X T m'.o4<2-«l|y, 
We fix d G I; and perform the summation with respect to £ and fc G [2 l ~ 1 d, 2 i+1 d]: 

II EE XQr-9e,« 2 +fc • E E x T ™',o/^,< 2 -lb£+^ 



^(^U^^iixo^+fciiicc En E x 7T ',o/,,<2-i|i^ 

We sum up with respect tome B : 

ii E EE^rs« 2 +r E E x T f,ofr,.<2-A\y i+v ^ 

m£B a £ fe JjGOp m'eA a 



2*-^(2'd)* E EEllXOT^+*lli- E II E X T m'.o/,,<2-«||y, ) < 

toGBq \ 5 fe / \rj66p m'GA Q 
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2 J j \\9i,d\\v X o,i E || X T f,of v ,<2-A\Y v 

\ne& P m'eA a 

In the last inequality we have used (43). We sum with respect to d: 

II E EExor^,e 2 +fc- E E x T f,°fr,.<2-A\y i+v S 

m€B a £ k rie& p m'eA a 



Now we make use of (57) and sum up with respect to a and / to obtain: 



2 < - J '||ft,<2«- 2 |l 7 , Jc o,i. 1 ( E \\fv,<2~A\h 

In the end we use (56) to perform the summation with respect to p and obtain 
the claim in (50). 

The argument for (51) is carried on in the same fashion. We have the estimate 
(46) to replace (43) in this case. 

(52) is the sum of (50) and (51). 

(53) is the sum of the variants of (50) and (51) with decay. We sketch the proof 
for: 

(58) IK<2-< ' u i,<2i-A\vy^ S2 -i < 2 l - J ||u jj < 2 -i||x % • ||Ui,< 2 *-2| 1^0,^,1 

We follow the steps in the proof of (50). For fixed rh we decompose: 

XQfSj,< 2 -i EE 5 « 2 + fe E A.<2- 
EE E E XQr9i-,e+k-x T f,aQ?fr h <2-> 

a I meB a m'eA" k £ t)£9 p 

Then we continue the exact same argument, just that we always replace f v ,<2- 
by XQf /r?,<2-«- Wc end up with: 



Ell^Qf (5i,<2'- 2 7j,<2-0^<2-*Hy„ <2 4 J ||5i,<2'-HI- DX o,i,i Ell^Qf^.< 2 



In, 



Summing over the set of rh with the property Q 3 ^ C\L k ^ 0, and then taking the 
suppremum with respect to k and L gives us (58). 

□ 
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5.3. Estimates: x"'*' 1 • l^< a -« -> 

The main estimate in this section is the following: 
Proposition 9. We have the estimate 

(59) ||"j,<2-* ' "ill 0,-* S 2*--»"*3|| Vj - j < 2 _«|| ri • IjUiH^o,!,! 

3,>2-* 

The proof of this result is split again into two parts. We claim: 

(60) IK<2-* - Ui,<2i-^\\ o,-$ ^ F^i^WVj^-AWj ■ ||"i,<2*-2 ll^o, i ,1 

j,>2- i 

(61) \\Vj,<2-* ■ w i,>2i-2|l x o,-l < 2^- 7 ^||w :)i <2-i||y,- • ||W*,>2*-2|U 2 

Proof. We decompose «j,<2-* as m (54) and Uj i <2i-2 as in (55). We know from 
previous section that: 

(62) ||&,<2*-2 • /j,<2-i|| 2 o,^,i ~ ^\\9i,<2*- 2 ■ ^2 f v ,<2-*\\ 2 ,i,i 

j,>2- i p i)ge p j,>2- i 

For a fixed d 2 > 2 - *, we decompose: 

Sj,d 2 (9 t ,<2-' ■ ^2 A.<2-*) = ^^2 I X! X^«>« 2 + fe X] /')><2- i 

r,ee p \fe=o c / \rje0p 

From Lemma 8 we know that g^ ^2 +k ■ f Vi <2-* is supported in A,- >( 2 2 iff | cosa| < 
2~ l d 2 , where a is the angle between £ and 77. The angle between any two 77's in 
O p is at most 2 i ~ J < 2~ 2i and the angle between any two £'s in S 1 is either at 
least 2~ 2t or the same. Therefore the £'s involved in the above summation have an 
angular localization in a set of cardinality w 2M2; we just keep this in mind and not 
formalize it. What is really important is that we sum over a set containing w 2 3t d 2 

For each g^ ^ +k and f Vi <2-i we can apply the result in (48): 

II/tj,<2-* 1 ff£,£ 2 +k|U 2 <2 2 ~||/ r)i <2-i||v, l|5?,? 2 +fc||L2 

Using the result in Lemma 8 we can perform the summation with respect to 

V e e p : 

II X fv,<2-* ■ff^+klk 2 < 2^|| ^ /,,<2-<||yJ|5^ 2 +felk 2 
jjeOp r/eOp 

Then we can perform the summation with respect to £: 

II E 4<2"«- 5 4 ,2-. fc |lL 2 d2 < 2-^(2 3 ^ 2 )*|| X: A^lhll^fcllL 2 

»;eOp ijeOp 
followed by the one with respect to fc: 
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II E h<2-< ■ 9i\\Ll d2 <2-^(2 3 M 2 )i|| E /^-II^II^IUo,!,, 
In the end we perform the summation with respect to p and pass to X -? norm: 

\\fj,<2-* -9i\\ 0,1 ^^'H/^-ill^llffill^o.I,! 

We sum up with respect to d 2 (over a set of cardinality w 2i) to obtain the 
statement in (60). 

Now we continue with the proof of (61). The approach is similar to the one 
above, but we still outline the main steps. We decompose Vj <2 -i as in (54) and 
u i >2 i-i as in (55). We know from previous section that: 

(63) \\9i,>?-* ■ 4<2-*H 2 o.i.i ~ ^2\\9i,>2*-i ■ E fn-<2-A\ 2 0,1,1 

j,>2- i p r/ee p j,>2- i 

For a fixed d 2 > 2~ l , we decompose: 



Sj.d 2 (9t,<2- ■ E a,<2-0 = EE E E ^.<2- 1 

»?ee P y / n fen*, / \»?ee P 

From Lemma 8 we know that g^; • f v ,<2-* 1S supported in Aj^ 2 iff |cosa| < 
|£| _1 <i2, where a is the angle between £ and r\. The angle between any two 77's in 
O p is at most 2 l ~^ < 2~ 2t and the angle between any two £'s in E l n is either at least 
n _1 = |^| _1 2 -4 or the same. Therefore the £'s involved in the above summation 
have an angular localization in a set of cardinality s=s 2^2; we will just keep this in 
mind and not formalize it. What will be really important is that we sum over a set 
containing s=s 2 l d 2 £'s from E l n and over a set containing rs 2 3i d2 £'s horn S\ 

The setup is exactly like in the proof of (60) with I playing the role of k and the 
proof can be continued in the same fashion. 

□ 



5.4. Estimates: x"'*' 1 • -> y,-,< 2 -;. 

The main estimate in this section is the following: 
Proposition 10. We have the estimate 



(64) IK>2-« • «i||y,, <2 -i £ 2 4 J 'i*IK> 2 -*|| o.i.i 

j,>2- ; 

0,i 1 

This can be obtained by duality from X i ' 2 ' • 1^- < 2 -< 
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5.5. Bilinear estimates on dyadic regions. 

Proof of Theorem 7. We decompose 

B(ui,Vj) = S jt < 2 -*B(ui,Vj) +S ji >2-iB(u i ,Vj) = 

Sj,<2-iB(Ui,V jt < 2 -i) + S jt <2-iB(Ui,V jt > 2 -i) + 
Sj,>2-iB(Ui,V jt < 2 -i) + S jt >2-iB(Ui,V jt > 2 -i) 

For the first term we make use of (52) to obtain: 

\\Sj,<2-'B(ui,Vj,<2-i)\\y ~ 2 s - 7 l|5'j,<2-^(u i ,^ i < 2 -,)|| ) ; < 

i'2 i 2(- 1 W||Vt; J -< 2 - < ||y||Vu i || 1?x o,i < 
i'2 2i 2«||t, J .< 2 - < ||y||u i || 1?Jc0ii « 

i'2( 2 -«) < ||t, J .< 2 - < ||y.|| Ui || 7Jjc ., i <i2( 2 -') < || Vj -,< 2 -i||y.||« < ||„z. 

For the second term we make use of (64) to obtain: 

IISj.o-.Bfc.i^a-Olly. « 2 si \\S jt >2-iB(u i ,v j! >2-i)\\y < 

i'2 < 2(- 1 W||V Vj - i > 2 -i|| JC „, i -HVuill^cj < 

i*2( a -)'iK> a - 1 || Jc .. i .|N| M .. i < 

i§2( 2 - a ) i \\v ji > 2 -i\\z' ■ \\ui\\vz° 
For the third term we use of (59) to obtain: 

\\Sj,>2-'B(Ui,Vj,<2-i)\\ x ,,-i,i ~ 2 s - 7 ||Sj ) >2-iB(Ui,t) j) < 2 -<)|| x o,-i,i < 

il2 < 2( s - 1 ^||V^< 2 - i || y ||Vw i || 23x0 ,i < 

The fourth term had been handled in Theorem 6. By adding all the estimates 
we obtain: 

\\B(u,v)\\ w .<iW 2 -'^u\\T, Z ;\\v\\z; 
In the end we can recover the decay via an argument similar to the one in 
Proposition 7, part a). One would notice that over there we had to recover decay 
of type Vj and all we used is that the high frequency comes with that decay. We 
already worked out the conservation of decay for the first term, see (53). 

□ 
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6. Bilinear estimates - Proof of Theorem 4 

This is a standard argument once we have the bilinear estimates on dyadic pieces, 
see (16), (17) and (39). For reference one could use Part 1, see the corresponding 
section there. 
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